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STRUCTURE THEORY OF P.P. RINGS AND THEIR
GENERALIZATIONS
ABOLFAZL TARIZADEH
Abstract. In this paper, new and significant advances on the
understanding the structure of p.p. rings and their generalizations
have been made. Specially among them, it is proved that a com-
mutative ring R is a generalized p.p. ring if and only if R is a
generalized p.f. ring and its minimal spectrum is Zariski compact.
Some of the major results of the literature either are improved or
are proven by new methods. In particular, we give a new and ele-
mentary proof to the fact that a commutative ring R is a p.p. ring
if and only if R[x] is a p.p. ring. We also prove that the total ring
of fractions of a given ring R is absolutely flat if and only if R is re-
duced, its minimal spectrum is Zariski compact and every finitely
generated and faithful ideal of R admits a non zero-divisor. Fi-
nally, the new notion of fluffy ring is introduced and studied which
generalizes at once both generalized p.p. ring and almost p.p. ring
notions.
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1. Introduction and Preliminaries
In this paper all rings are commutative. Recall that a ring R is said
to be a p.p. ring if every principal ideal of R is a projective R−module.
(For the free module case see Proposition 2.1). It is well known that the
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2 A. TARIZADEH
annihilator of every finitely generated projective module is generated
by an idempotent element. Using this, then a ring R is a p.p. ring if
and only if for each f ∈ R, Ann(f) is generated by an idempotent of R.
The p.f. ring notion is the natural generalization of p.p. ring notion.
In fact, a ring R is said to be a p.f. ring if every principal ideal of
R is a flat R−module. Every p.p. ring is a p.f. ring, because every
projective module is flat. But there are p.f. rings which are not p.p.
rings. For example C(X), the ring of real-valued continuous functions
on X := βR+\R+, is a p.f. ring which is not a p.p. ring, for the details
see [2].
It can be shown that every p.f. ring is a reduced ring. In fact, p.f.
rings and reduced mp-rings are the same, see e.g. [1, Theorem 6.4],
(remember that a ring R is said to be a mp-ring if each prime ideal of
R contains a unique minimal prime ideal of R. This is equivalent to the
statement that p+q = R for every distinct minimal prime ideals p and
q of R). So it is natural to investigate similar notions for general rings
(not necessarily reduced). Endo [8] and Hirano [12] generalized p.p.
ring notion by defining that a ring R is said to be a generalized p.p.
ring (or, GPP-ring) if for each f ∈ R there exists a natural number
n ≥ 1 such that Rfn is R−projective. Motivated by the Hirano’s work
then in [3], the generalized p.f. ring notion is also defined which states
that a ring R is called a generalized p.f. ring (or, GPF-ring) if for each
f ∈ R there exists some n > 1 such that Rfn is a flat R−module. Ev-
ery GPP-ring is a GPF-ring; for the converse see Theorems 3.3 and 4.5.
In this paper, we continue the studies of [1]-[22]. As an outcome,
substantial progresses in the understanding the structure of p.p. rings
and their generalizations have been made. Theorems 2.2, 2.4 and 4.1
provide interesting characterizations for p.p. rings. The joint collabo-
ration and interplay between concepts from commutative algebra and
topology, is what makes the results and their proofs of this paper par-
ticularly interesting. Among many major results, Theorems 3.7, 3.13,
4.1 and 4.5 are the culmination of methods and results of this paper.
In Theorems 3.7 and 3.13, it is characterized that when the total ring
of fractions of a given ring is absolutely flat. Theorems 4.1 and 4.5 are
technical and give non-trivial characterizations that when a given ring
is a p.p. ring or generalized p.p. ring. The main result of [15, Theorem
1.2] was already proved by using the machinery commutative algebra.
In partial of the present paper, we give a simple and elementary proof
for this major result, see Theorem 2.4. In the same vein, we also prove
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that a ring R is a p.f. ring if and only if the polynomial ring R[x]
is a p.f. ring, see Theorem 2.5. Under a mild condition, it is shown
that a ring is a generalized p.f. ring if and only if it is locally pri-
mary ring, see Theorem 4.13 and Corollary 4.7. In §5 we introduce the
new notion of fluffy ring and Theorems 5.1 and 5.2 are obtained. Theo-
rems 3.4, 4.2 and 4.11 are another most important results of this paper.
Let I be an ideal of a ring R. Then I is called a pure ideal if the
canonical ring map R→ R/I is a flat ring map. It can be shown that
I is a pure ideal if and only if for each f ∈ I there exists some g ∈ I
such that f = fg.
Let R be a ring. Then Z(R) = {f ∈ R : Ann(f) 6= 0} is called
the set of zero-divisors of R. The localization T (R) := S−1R with
S = R \ Z(R) is called the total ring of fractions of R.
The nil-radical of a ring is either denoted by
√
0 or by N. If p is
a minimal prime ideal of a ring R and f ∈ p, then by passing to the
localization Rp, we may find some g ∈ R \ p such that fg is nilpotent.
Recall that a ring is said to be a primary ring if its zero ideal is a
primary ideal. For any non-zero ring R, then the sets R \ Z(R) and√
0 are disjoint. It is easy to see that a ring R is a primary ring if and
only if R =
(
R \ Z(R)) ∪√0.
A ring R is called an absolutely flat (or, von-Neumann regular) ring
if each R−module is R−flat. It is well known that a ring R is an ab-
solutely flat ring if and only if each f ∈ R can be written as f = f 2g
for some g ∈ R.
This paragraph is a key point in understanding some proofs of this
paper. By a regular ideal of a ring R we mean an ideal of R which
is generated by a set of idempotents of R. Let I be a regular ideal of
a ring R. If f ∈ I then there exists an idempotent e ∈ I such that
f = fe. In particular, let e ∈ R be an idempotent, if f ∈ Re then
f = fe. Moreover, if e and e′ are idempotents of a ring R such that
Re and Re′ are isomorphic as R−modules, then their annihilators are
the same and so e = e′. Note that this does not hold in general. For
example, Z ≃ 2Z but 1 6= 2.
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Let ϕ : A→ B be a morphism of rings. We say that the idempotents
of A can be lifted along ϕ if e′ ∈ B is an idempotent, then there exists
an idempotent e ∈ A such that ϕ(e) = e′.
2. p.p. rings and generalizations
Proposition 2.1. Let R be a non-zero ring. Then R is an integral
domain if and only if every principal ideal of R is a free R−module.
Proof. If R is an integral domain then Ann(f) = 0 for all non-zero
f ∈ R, so Rf ≃ R. The zero ideal is also a free module with the empty
basis. Conversely, if f ∈ R then Rf ≃ R/Ann(f) is a free R−module.
The annihilator of a free module is either the zero ideal or the whole
ring. Thus Ann(f) = 0 or Ann(f) = R. Hence, R is an integral do-
main. 
We have improved the following result by adding (iii) and (iv) as
new equivalents. The equivalency of the classical criterion (ii) is also
proved by a new method.
Theorem 2.2. For a ring R the following statements are equivalent.
(i) R is a p.p. ring.
(ii) R is a p.f. ring and T (R) is an absolutely flat ring.
(iii) T (R) is an absolutely flat ring, and the idempotents of R can be
lifted along each localization of R.
(iv) T (R) is an absolutely flat ring, and the idempotents of R can be
lifted along T (R).
Proof. (i)⇒ (ii), (iii) : If f ∈ R then there is an idempotent e ∈ R
such that Ann(f) = Re. But f − e is a non zero-divisor of R, since if
(f − e)g = 0 then fg = ge = ge2 = fge = 0 thus g ∈ Ann(f) and so
g = ge = 0. Therefore we may write f/1 = (f/1)2z with z := 1/(f−e).
Hence, T (R) is absolutely flat. Let x = f/s ∈ S−1R be an idempotent
where S is a multiplicative subset of R. The R−module Rf is canoni-
cally isomorphic to Re′ where e′ := 1 − e. Thus the ideal (x) = (f/1)
as S−1R−module is canonically isomorphic to the ideal (e′/1). Hence,
x = e′/1.
(ii) ⇒ (i) : If f ∈ R then by the hypothesis, Ann(f) is a pure ideal
and there exists a non zero-divisor s ∈ R such that fs = f 2g for some
g ∈ R. So there exists some h ∈ Ann(f) such that s− fg = (s− fg)h.
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Thus (1− h)s = fg. It follows that h(1− h)s = 0 and so h is an idem-
potent. If h′ ∈ Ann(f) then h′(1− h)s = 0 and so h′ = hh′. Therefore
Ann(f) = Rh. (iii)⇒ (iv) : There is nothing to prove.
(iv)⇒ (i) : If f ∈ R then there exists some x ∈ T (R) such that f/1 =
(f 2/1)x. Clearly e′ := (f/1)x is an idempotent and AnnT (R)(f/1) =
(1 − e′). By the hypothesis, there is an idempotent e ∈ R such that
e/1 = 1− e′. It follows that Ann(f) = Re. 
Lemma 2.3. Let R be a ring. If f =
∑
i>0
rix
i ∈ R[[x]] is an idempotent,
then r0 is an idempotent and ri = 0 for all i > 1.
Proof. From f = f 2 we easily get that r0 = r
2
0. Let k > 1
be the least natural number such that rk 6= 0. Then we will have
f = r0+ rkx
k+ ... and so 2r0rk = rk. This yields that 2r0rk = r0rk and
so r0rk = 0. We also have rk(1− r0) = 0. Thus rk = 0. 
In the following result, we give a new and elementary proof to the
main result of [15, Theorem 1.2].
Theorem 2.4. Let R be a ring. Then R is a p.p. ring if and only if
R[x] is a p.p. ring.
Proof. Let S := R[x] be a p.p. ring. If f ∈ R then by Lemma
2.3, there exists an idempotent e ∈ R such that AnnS(f) = Se and
so AnnR(f) = Re. Conversely, let R be a p.p. ring. If f = f0 +
... + fnx
n ∈ S then for each i there exists an idempotent ei ∈ R such
that AnnR(fi) = Rei. It suffices to show that AnnS(f) = Se where
e = e0...en. Clearly Se ⊆ AnnS(f). Conversely, take g = g0 + ... +
gmx
m ∈ AnnS(f). Then clearly g0 = g0e0. From f0g1+f1g0 = 0 we get
that f1g0e0 = 0 and so g0 = g0e0e1. Then from f2g0 + f1g1 + f0g2 = 0
we obtain that g0 = g0e0e1e2. Thus by induction we will have g0 = g0e.
Therefore f0g1 = 0 and so g1 = g1e0 and by induction we obtain that
g1 = g1e. Thus f0g2 = 0 and by continuing this process we finally get
that gk = gke for all k = 0, ..., m. Hence, g = ge. 
Theorem 2.5. Let R be a ring. Then R is a p.f. ring if and only if
R[x] is a p.f. ring.
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Proof. Let R be a p.f. ring. It is well known that a ring R is a p.f.
ring if and only if R is a reduced mp-ring, see e.g. [1, Theorem 6.4].
Hence, R is a reduced mp-ring and so S := R[x] is a reduced ring. If
P and P ′ are distinct minimal prime ideals of S then p := P ∩ R and
p′ := P ′∩R are distinct minimal prime ideals of R, since P = p[x] and
P ′ = p′[x]. We have p + p′ = R and so P + P ′ = S. Hence, S is a
reduced mp-ring and so it is a p.f. ring. Conversely, if f ∈ R then it is
easy to see that AnnR(f) is a pure ideal. 
We provide an alternative proof to the following result.
Theorem 2.6. [12, Proposition 4] If R is a GPP-ring, then R/N is a
p.p. ring.
Proof. If f ∈ R then there exist a natural number n > 1 and
an idempotent e ∈ R such that Ann(fn) = Re. Obviously J :=
AnnR/N(f + N) = AnnR/N(f
n + N) since R/N is reduced. Thus it
suffices to show that J = (Re+N)/N. Clearly (Re+N)/N ⊆ J . Con-
versely, take g +N ∈ J . We may write g = g1 + g2 with g1 ∈ Re and
g2 ∈ R(1−e). Thus fng = fng2 ∈ N and so gm2 ∈ Ann(fnm) = Ann(fn)
for some m > 1. Therefore gm2 = g
m
2 e = g
m−1
2 g2e = g
m−1
2 g2(1−e)e = 0.
Hence, g ∈ Re+N. 
The following result shows that one can easily construct generalized
p.p. rings from a given ring.
Proposition 2.7. Let m1, ...,md be a finite number of distinct maximal
ideals of a ring R and I =
d⋂
i=1
mcii with ci > 1. Then R/I is a GPP-ring.
Proof. If m is a maximal ideal of a ring R then R/mk is a GPP-
ring for all k > 0, because every element of R/mk is either invertible
or nilpotent. It is also easy to see that the product of a finite family
of rings is a GPP-ring if and only if each factor is a GPP-ring. Thus
by the Chinese Remainder Theorem, R/I ≃ R/mc11 × ... × R/mcdd is a
GPP-ring. 
Corollary 2.8. If n ∈ Z then Z/nZ is a GPP-ring.
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Proof. It immediately follows from Proposition 2.7. 
Proposition 2.9. Let R be a ring and f ∈ R. If Rfn is R−projective
for some n > 1, then Rfk as R−module is canonically isomorphic to
Rfn for all k > n.
Proof. It suffices to show that Ann(fk) = Ann(fn) for all k > n.
To see the latter it will be enough to show that Ann(fn) = Ann(fn+1).
There exists an idempotent e ∈ R such that Ann(fn) = Re. If
g ∈ Ann(fn+1) then fg = fge. Thus fng = fn−1fg = 0 and so
g ∈ Ann(fn). 
Proposition 2.10. Let R be a GPP-ring. If I is a pure ideal of R,
then R/I is a GPP-ring.
Proof. If f ∈ R then there exists an idempotent e ∈ R such that
Ann(fn) = Re for some n > 1. We show that AnnR/I(f
n + I) =
(Re + I)/I. If g + I ∈ AnnR/I(fn + I) then there exists some h ∈ I
such that (1− h)(1− e)g = 0. Thus g ∈ Re + I. 
Lemma 2.11. Let R be a ring and f, g ∈ R. If Ann(f) and Ann(g)
are pure ideals, then Ann(fg) is a pure ideal.
Proof. If h ∈ Ann(fg) then there exists some f ′ ∈ Ann(f) such
that (1 − f ′)gh = 0. Thus there exists some g′ ∈ Ann(g) such that
(1 − f ′)(1 − g′)h = 0. So (1 − h′)h = 0 where h′ := f ′ + g′ − f ′g′ ∈
Ann(fg). 
Corollary 2.12. Let R be a ring and f ∈ R. If Rf is R−flat, then
Rfn is R−flat for all n.
Proof. It follows from Lemma 2.11. 
Corollary 2.13. The product of a finite family of rings is a GPF-ring
if and only if each factor is a GPF-ring.
Proof. It is deduced from Lemma 2.11. 
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3. When the total ring of fractions is zero dimensional
It can be shown that a ring R is zero dimensional if and only if for
each f ∈ R there exists a natural number n > 1 such that fn(1−fg) =
0 for some g ∈ R.
Proposition 3.1. Every absolutely flat ring is a p.p. ring. Moreover,
every zero dimensional ring is a GPP-ring.
Proof. If R is an absolutely flat ring then for each f ∈ R there exists
some g ∈ R such that Ann(f) = R(1 − fg) and fg is an idempotent.
A similar argument as above works for zero dimensional rings. 
The following result improves [12, Theorem 1].
Lemma 3.2. For a ring R the following statements are equivalent.
(i) T (R) is zero dimensional.
(ii) If f ∈ R then Ann(fn) = Ann(fn+1) for some n > 1, and there
exists some h ∈ Ann(fn) such that Ann(fn) ∩ Ann(h) = 0.
(iii) If f ∈ R then there exist a natural number n > 1 and a non zero-
divisor g ∈ R such that fng = f 2n.
Proof. (i) ⇒ (ii) : There exist a natural number n > 1 and
a non zero-divisor s ∈ R such that fns = f 2ng for some g ∈ R.
If g′ ∈ Ann(fn+1) then fng′s = (fn+1g′)(fn−1g) = 0 and so g′ ∈
Ann(fn). Setting h := s − fng. Then clearly h ∈ Ann(fn), and if
h′ ∈ Ann(fn) ∩ Ann(h) then h′s = h′fng = 0 and so h′ = 0.
(ii) ⇒ (iii) : Setting g := fn − h. If gg′ = 0 then f 2ng′ = fnhg′ = 0
and so g′ ∈ Ann(f 2n) = Ann(fn). Thus g′h = 0. Hence, g′ ∈
Ann(fn) ∩Ann(h) = 0. So g is a non zero-divisor of R.
(iii)⇒ (i) : Straightforward. 
Note that if in a ring R we have Ann(fn) = Ann(fn+1) for some
f ∈ R, then Ann(fn) = Ann(fk) for all k > n.
The following result is the corresponding of Theorem 2.2, and it im-
proves [12, Theorem 2] and [3, Theorem 2.1].
Theorem 3.3. For a ring R the following statements are equivalent.
(i) R is a GPP-ring.
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(ii) R is a GPF-ring, and T (R) is zero dimensional.
(iii) T (R) is zero dimensional, and the idempotents of R can be lifted
along each localization of R.
(iv) T (R) is zero dimensional, and the idempotents of R can be lifted
along T (R).
Proof. (i)⇒ (ii) : If f ∈ R then by the hypothesis, there exist a nat-
ural number n > 1 and an idempotent e ∈ R such that Ann(fn) = Re.
So fn− e is a non zero-divisor of R. Thus by Lemma 3.2, T (R) is zero
dimensional.
(ii) ⇒ (i) : If f ∈ R then by Lemma 3.2, Ann(fn) = Ann(fn+1) for
some n ≥ 1, and there exists some h ∈ Ann(fn) such that Ann(fn) ∩
Ann(h) = 0. First we show that Ann(fn) is a pure ideal. By the
hypothesis, there exists a natural number k > 1 such that Ann(fk) is
a pure ideal. If k > n then we are done, since Ann(fn) = Ann(fk).
If k < n then n 6 kd for some positive natural number d. So by
Lemma 2.11, Ann(fkd) = Ann(fn) is a pure ideal. Thus there ex-
ists some g ∈ Ann(fn) such that 1 − g ∈ Ann(h). Then g(1 − g) ∈
Ann(fn) ∩ Ann(h) = 0. So g is an idempotent. If g′ ∈ Ann(fn)
then g′(1 − g) ∈ Ann(fn) ∩ Ann(h) = 0. Therefore Ann(fn) = Rg.
(i) ⇒ (iii) : It is proven exactly like the implication (i)⇒(iii) of The-
orem 2.2. (iii) ⇒ (iv) : There is nothing to prove. (iv) ⇒ (i) : It is
proved exactly like the implication (iv)⇒(i) of Theorem 2.2. 
Let R be a ring. Then there exists a unique topology over Spec(R)
such that the collection of V (f) = {p ∈ Spec(R) : f ∈ p} with f ∈ R
forms a subbase for its opens. It is called the flat topology. For more
details we refer the interested reader to [20].
Theorem 3.4. Let R be a ring. If T (R) is zero dimensional, then
Min(R) is Zariski compact.
Proof. By [21, Theorem 4.3], it will be enough to show that if f ∈ R
then Min(R) ∩ D(f) is a flat open of Min(R). There exist a natural
number n > 1 and a non zero-divisor g ∈ R such that fn(g − fh) = 0
for some h ∈ R. This yields that Min(R)∩D(f) = Min(R)∩V (g−fh),
since if p is a minimal prime ideal of R then p ⊆ Z(R) and so g /∈ p. 
Corollary 3.5. If R is a GPP-ring, then Min(R) is Zariski compact.
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Proof. By Theorem 3.3, the ring T (R) is zero dimensional. Then
apply Theorem 3.4. 
Let R be a ring. It is easy to see that if at least one of the coefficients
of a polynomial f ∈ R[x] is a non zero-divisor of R, then f is a non
zero-divisor of R[x]. But the converse does not hold. As an example,
take R = Z/6Z then f = 2 + 3x is a non zero-divisor of R[x] but all
of its coefficients are zero-divisor of R. This observation shows that if
T (R[x]) is zero dimensional (or, an absolutely flat ring) then the same
assertion does not necessarily hold for T (R). In spite of this, we have
the following result.
Corollary 3.6. Let R be a ring. If T (R[x]) is zero dimensional, then
Min(R) is Zariski compact.
Proof. By Theorem 3.4, Min(R[x]) is Zariski compact. But for
any ring R, then Min(R) is Zariski compact if and only if Min(R[x]) is
Zariski compact, because the minimal prime ideals of R[x] are precisely
of the form p[x] where p is a minimal prime ideal of R. 
Theorems 3.7 and 3.13 provide new and simple proofs to the main
results of [11, Theorem 2.9], [13, Chap I, Theorem 4.5], [17, Proposition
1.4] and [18, Proposition 9].
Theorem 3.7. Let R be a ring. Then T (R) is absolutely flat if and
only if the following two conditions hold.
(i) R is reduced and Min(R) is Zariski compact.
(ii) Every finitely generated and faithful ideal of R contains a non zero-
divisor of R.
Proof. Assume T (R) is absolutely flat. Then R is reduced, since
every absolutely flat ring and so each subring are reduced. By The-
orem 3.4, Min(R) is Zariski compact. If I = (f1, ..., fn) is a finitely
generated and faithful ideal of R then for each i, there exists a non
zero-divisor gi of R such that fi(gi − fihi) = 0 for some hi ∈ R. It fol-
lows that (g1 − f1h1)...(gn − fnhn) = 0 and so g1...gn ∈ I. Conversely,
if f ∈ R then it will be enough to find a non zero-divisor g of R such
that fg = f 2h for some h ∈ R. Setting X = {p ∈ Min(R) : f ∈ p}. If
p ∈ X then there exists some xp ∈ R \ p such that fxp = 0. It follows
that Min(R) ⊆ D(f) ∪ ( ⋃
p∈X
D(xp)
)
. Using the quasi-compactness of
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Min(R), then we may write Min(R) ⊆ D(f) ∪ (
n⋃
i=1
D(xi)
)
and that
fxi = 0 for all i. Therefore I = (f, x1, ..., xn) is a faithful ideal
of R, because suppose rI = 0, if p ∈ Min(R) then r ∈ p and so
r ∈ ⋂
p∈Min(R)
p =
√
0 = 0. Hence, I contains a non zero-divisor g of R.
Thus we may write g = fh+
n∑
i=1
rixi where h, r1, ..., rn ∈ R. This yields
that fg = f 2h. 
Corollary 3.8. Let R be a reduced ring such that Min(R) is a finite
set. Then T (R) is absolutely flat.
Proof. Let I = (f1, ..., fn) be a faithful ideal of R and setting
S := R \Z(R). If I ∩S = ∅ then there exists a prime ideal p of R such
that I ⊆ p and p ∩ S = ∅. It follows that p ⊆ Z(R) = ⋃
q∈Min(R)
q. Thus
by the prime avoidance lemma, p ∈ Min(R). So for each i, there exists
some gi ∈ R\p such that figi = 0. Therefore gI = 0 where g = g1...gn.
But this is a contradiction. Hence, I admits a non zero-divisor of R.
Therefore by Theorem 3.7, T (R) is absolutely flat. 
Corollary 3.9. Let R be a reduced ring such that Spec(R) is a noether-
ian space with respect to the Zariski topology. Then T (R) is absolutely
flat. 
Corollary 3.10. Let R be a reduced and noetherian ring. Then T (R)
is absolutely flat. 
Corollary 3.11. Let R be a ring. Then T (R[x]) is absolutely flat if
and only if R is reduced and Min(R) is Zariski compact.
Proof. It is interesting to notice that for any ring R, then every
finitely generated and faithful ideal of R[x] contains a non zero-divisor
of R[x]. Then apply Theorem 3.7. 
Corollary 3.12. Let R be a ring. If T (R) is absolutely flat, then
T (R[x]) is as well. 
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Theorem 3.13. For a ring R the following statements are equivalent.
(i) T (R) is absolutely flat.
(ii) R is reduced and for each f ∈ R there exists some g ∈ R such that
fg = Ann(Rf +Rg) = 0.
(iii) R is reduced and if an ideal I of R is contained in Z(R), then
I ⊆ p for some p ∈ Min(R).
Proof. (i) ⇒ (ii) : There exists a non zero-divisor s ∈ R such that
fs = f 2h for some h ∈ R. Then g := fh− s is the desired element.
(ii)⇒ (i) : It suffices to show that h := f−g is a non zero-divisor of R.
Suppose rh = 0 and p is a minimal prime ideal of R such that r /∈ p.
Then f, g ∈ p and so there exist f ′, g′ ∈ R \ p such that ff ′ = gg′ = 0.
This yields that f ′g′ ∈ Ann(Rf + Rg) = 0 which is a contradiction.
Hence, r ∈ ⋂
p∈Min(R)
p =
√
0 = 0.
(i) ⇒ (iii) : Suppose I * p for all p ∈ Min(R), then we may choose
some xp ∈ I \ p. Using the quasi-compactness of Min(R), then we
may write Min(R) ⊆
n⋃
i=1
D(xi) where xi ∈ I for all i. It follows that
J = (x1, ..., xn) is a faithful ideal of R. Thus by Theorem 3.7, J admits
a non zero-divisor which is a contradiction.
(iii) ⇒ (i) : Suppose Min(R) ⊆ ⋃
i∈S
D(fi) where fi ∈ R for all i. Then
by the hypothesis, the ideal (fi : i ∈ S) admits a non zero-divisor g
of R. So there exists a finite subset S ′ of S such that g =
∑
i∈S′
rifi
where ri ∈ R for all i ∈ S ′. This yields that Min(R) ⊆
⋃
i∈S′
D(fi), since
otherwise we may find some p ∈ Min(R) such that g ∈ p, but this is
impossible since p ⊆ Z(R). Hence, Min(R) is quasi-compact. Now let
I be a finitely generated and faithful ideal of R. If I ⊆ Z(R) then I
is contained in a minimal prime ideal p of R. Thus we may find some
s ∈ R\p such that sI = 0, which is a contradiction. So I admits a non
zero-divisor of R. Therefore by Theorem 3.7, T (R) is absolutely flat. 
4. p.p. rings and generalizations-revisited
The following result provides another interesting characterization for
p.p. rings. After proving this result we were informed that the liter-
ature, specially [10, Theorem 4.2.10], [11, Theorem 2.11], [17, Propo-
sition 2.6], [22, Proposition 3.4], contain proofs for this result (some
of these proofs are incomplete, see also the comments following [11,
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Theorem 2.11]). Our proof uses only the standard techniques of com-
mutative algebra and completely differs with the former proofs from
the scratch.
Theorem 4.1. Let R be a ring. Then R is a p.p. ring if and only if
R is a p.f. ring and Min(R) is Zariski compact.
Proof. If R is a p.p. ring then by Corollary 3.5, Min(R) is Zariski
compact. Conversely, if f ∈ R then U := Min(R) ∩ D(f) is Zariski
clopen (both open and closed) subset of Min(R), because for any ring
R if p ∈ E := Min(R) ∩ V (f) then there exists some h ∈ R \ p such
that fh is nilpotent and so p ∈ Min(R) ∩D(h) ⊆ E. The ring R is a
mp-ring and so we may consider the function γ : Spec(R) → Min(R)
which sends each prime ideal p of R into the unique minimal prime
ideal of R contained in p. The map γ is Zariski continuous if and
only if Min(R) is Zariski compact, see [1, Theorem 6.3]. Thus there
exists an idempotent e ∈ R such that γ−1(U) = V (e), because it is
well known that for any ring R then the map r  V (r) = D(1 − r)
is a bijective function from the set of idempotents of R onto the set
of clopens of Spec(R). We show that Ann(f) = Re. If p is a minimal
prime ideal of R then fe ∈ p, since if e /∈ p then p = γ(p) /∈ U and
so f ∈ p. Hence, fe ∈ ⋂
p∈Min(R)
p =
√
0 = 0. Thus Re ⊆ Ann(f). If
g ∈ Ann(f) then γ−1(U ′) ⊆ V (1 − e) where U ′ := Min(R) ∩ D(g).
Therefore g(1− e) ∈ ⋂
p∈Min(R)
p = 0 and so g = ge. 
Theorem 4.2. Every GPF-ring is a mp-ring.
Proof. Let R be a GPF-ring. Let p and q be distinct minimal prime
ideals of R. We have 0 ∈ (R \ p)(R \ q). Thus there are f ∈ R \ p
and g ∈ R \ q such that fg = 0. By the hypothesis, Ann(fn) is a pure
ideal for some n > 1. Thus there exists some h ∈ Ann(fn) such that
(1−h)g = 0. It follows that h ∈ p and 1−h ∈ q. Hence, p+ q = R. 
The above result provides examples of rings which are not GPF-
rings. For instance, consider the polynomial ring A = K[x, y] with K
a field and setting m = (x, y), then R = Am/I is not a mp-ring where
I = p ∩ q, because the extensions of p = (x/1) and q = (y/1) are
distinct minimal prime ideals of the local ring R.
14 A. TARIZADEH
Under the light of Theorem 4.2, then the following result generalizes
[3, Theorem 1.10].
Corollary 4.3. Let R be a ring. Then R is a mp-ring if and only if
R/N is a p.f. ring.
Proof. By [1, Theorem 6.4], p.f. rings and reduced mp-rings are the
same. 
Corollary 4.4. Let R be a ring. Then R/N is a p.p. ring if and only
if R is a mp-ring and Min(R) is Zariski compact.
Proof. If R/N is a p.p. ring then it is reduced mp-ring and so R is
a mp-ring. Moreover by Corollary 3.5, Min(R) ≃ Min(R/N) is Zariski
compact. Conversely by Corollary 4.3, R/N is a p.f. ring. The space
Min(R/N) ≃ Min(R) is Zariski compact. Thus by Theorem 4.1, R/N
is a p.p. ring. 
The following technical result is the culmination of this paper.
Theorem 4.5. Let R be a ring. Then R is a GPP-ring if and only if
R is a GPF-ring and Min(R) is Zariski compact.
Proof. If R is a GPP-ring then by Corollary 3.5, Min(R) is Zariski
compact. Conversely, if f ∈ R then there exists a natural number
n > 1 such that Ann(fn) is a pure ideal. By Theorem 4.2, R is a
mp-ring. Thus by Corollary 4.4, R/N is a p.p. ring. So there exists an
idempotent g+N ∈ R/N such that AnnR/N(f +N) = (g+N). Hence,
there exists a natural number k > 1 such that fkgk = 0. We may find
a natural number ℓ > 1 such that m := nℓ > k. By Lemma 2.11,
Ann(fm) is a pure ideal. There exists an idempotent e ∈ R such that
e− g ∈ N, since it is well known that the idempotents of a ring can be
lifted modulo its nil-radical. Thus e = rg for some r ∈ R. Then clearly
Re ⊆ Ann(fm), since fme = rmfmgm = 0. If z ∈ Ann(fm) then there
exists some h ∈ Ann(fm) such that z = zh. Clearly fh and so h(1−g)
are nilpotent. Thus h(1 − e) = h(1 − g) + h(g − e) ∈ N. This yields
that hd = hde for some d > 1. Therefore z = zhd = zhde ∈ Re. Hence,
Ann(fm) = Re. 
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Let R be either a local ring or an integral domain. Then clearly the
zero ideal and the whole ring are the only pure ideals of R.
Lemma 4.6. Let R be a local ring. If R is a GPF-ring, then R is a
primary ring.
Proof. If f ∈ R then Ann(fn) is a pure ideal for some n > 1. Thus
Ann(fn) = 0 or Ann(fn) = R. Hence, f ∈ (R\Z(R))∪√0. Therefore
R is a primary ring. 
The converse of Lemma 4.6 holds trivially for any ring.
Corollary 4.7. If p is a prime ideal of a GPF-ring R, then Rp is a
primary ring.
Proof. Clearly Rp is a GPF-ring, because GPF-rings are stable un-
der taking localizations. Thus by Lemma 4.6, Rp is a primary ring. 
Note that if R is a reduced ring then for each f ∈ R, Ann(f) =
Ann(fn) for all n > 1. Hence, p.f. rings and reduced GPF-rings are
the same. This easy argument proves [3, Theorem 1.9]. The ring Z/4Z
is a GPF-ring which is not a p.f. ring, since it is not reduced (as an-
other reason, Ann(2) = {0, 2} is not a pure ideal).
We provide an alternative proof to the following result which is the
analogue of Proposition 2.10.
Proposition 4.8. [3, Theorem 1.11] Let R be a GPF-ring. If I is a
pure ideal of R, then R/I is a GPF-ring.
Proof. If f ∈ R then Ann(fn) is a pure ideal for some n > 1.
Thus
(
Ann(fn) + I
)
/I is a pure ideal, since the extension of a pure
ideal under any ring map is a pure ideal. It suffices to show that
AnnR/I(f
n+I) =
(
Ann(fn)+I
)
/I. If g+I ∈ AnnR/I(fn+I) then there
exists some h ∈ I such that fng(1− h) = 0. Thus g = g(1− h) + gh ∈
Ann(fn) + I. 
Let (Rx) be a family of rings indexed by a set X . If f = (fx) ∈
R =
∏
x∈X
Rx then we define S(f) = {x ∈ X : fx 6= 0}. Let I be
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an ideal of the power set ring P(X). Then it can be easily seen that
I∗ = {f ∈ R : S(f) ∈ I} is an ideal of R. We call the quotient ring
R/I∗ the ultra-ring (or, ultraproduct) of the family (Rx) with respect
to I. Ultra-rings, unlike direct products, possess many properties of
the factor rings Rx, and they are quite interesting and have vast appli-
cations in diverse fields of mathematics, see e.g. [4], [5], [6], [7], [9] and
[19]. Our approach generalizes and simplifies this construction in the
literature.
Lemma 4.9. I∗ is a pure ideal of R.
Proof. If f ∈ I∗ then consider the sequence g = (gx) ∈ R where
each gx is either 1 or 0, according as x ∈ S(f) or x /∈ S(f). Then clearly
f = fg and S(g) ⊆ S(f) ∈ I and so g ∈ I∗. 
Lemma 4.10. If each Rx is a reduced ring, then R/I
∗ is a reduced ring.
Proof. It is easy to see that S(f) = S(fn) for all f ∈ R and n > 2. 
Theorem 4.11. The following statements hold.
(i) If each Rx is a p.p. ring, then R/I
∗ is a p.p. ring.
(ii) If each Rx is a p.f. ring, then R/I
∗ is a p.f. ring.
Proof. (i) : Clearly R is a p.p. ring, since it is easy to see that
the direct product of a family of p.p. rings is a p.p. ring. Thus by
Proposition 2.10 and Lemma 4.9, R/I∗ is a GPP-ring. But p.p. rings
and reduced GPP-rings are the same. Thus by Lemma 4.10, R/I∗ is
a p.p. ring. (ii) : It is proven exactly like (i), by applying Proposition
4.8 instead of Proposition 2.10. 
It is easy to see that p.p. rings, p.f. rings, GPP-rings and GPF-rings
are stable under taking localizations.
In the following result, a new proof is given for the reverse implica-
tion of [3, Theorem 1.8].
Theorem 4.12. For a ring R the following statements are equivalent.
(i) R is a GPF-ring.
(ii) If f ∈ R then there exists a natural number n > 1 such that in
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each localization Rm, either f/1 is a non zero-divisor or f
n/1 = 0.
Proof. (i)⇒ (ii) : See [3, Theorem 1.8]. (ii)⇒ (i) : We prove that
I = Rfn is R−flat. It suffices to show that Im = (fn/1) is Rm−flat,
since flatness is a local property. To see the latter it will be enough to
show that J := AnnRm(f
n/1) is a pure ideal. If fn/1 = 0 then J = Rm.
If f/1 is a non zero-divisor, then fn/1 is also a non zero-divisor and so
J = 0. 
We call a ring R an admissible ring if for each f ∈ R, then the set
Xf := {m ∈ Max(R) : f/1 ∈ N(Rm)} is quasi-compact.
Theorem 4.13. Let R be an admissible ring. If each localization Rm
is a primary ring with m a maximal ideal, then R is a GPF-ring.
Proof. Fix f ∈ R, and let Y = {m ∈ Max(R) : f/1 ∈ Z(Rm)}. If
m ∈ Y then there exist a natural number dm > 1 and some sm ∈ R \m
such that smf
dm = 0. Thus Y ⊆ ⋃
m∈Y
D(sm). One can easily observe that
Y = Xf . Hence, Y is quasi-compact. Thus there exist a natural num-
ber N > 1 and a finite number s1, ..., sk ∈ R such that Y ⊆
k⋃
i=1
D(si)
and sif
N = 0 for all i. Thus by Theorem 4.12, R is a GPF-ring. 
5. Fluffy rings
There is still another very natural and interesting generalization of
p.p. ring notion which is called almost p.p. ring. In fact, a ring R
is said to be an almost p.p. ring if for each f ∈ R, then Ann(f) is a
regular ideal. Obviously every p.p. ring is an almost p.p. ring, but
C(βN \ N) is an example of almost p.p. ring which is not a p.p. ring,
for the details see [2].
We call a ring R a purified ring if for every distinct minimal prime
ideals p and q of R, then there exists an idempotent e ∈ p such that
1− e ∈ q. We have then the following non-trivial result.
Theorem 5.1. Let R be a ring. Then R is a purified ring if and only
if R/N is an almost p.p. ring.
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Proof. If R is a purified ring then R/N is a reduced purified ring.
By [1, Theorem 8.5 (x)], “reduced purified ring” and “almost p.p. ring”
are the same. Conversely, if R/N is an almost p.p. ring then by [1,
Theorem 8.3], R is a purified ring. 
In [1, Theorem 8.5], various characterizations for reduced purified
rings are given.
We generalize the notion of almost p.p. ring by defining that a ring
R is said to be a flyffy ring if for each f ∈ R there exists a natural
number n > 1 such that Ann(fn) is a regular ideal. This definition
generalizes at once both “GPP-ring” and “almost p.p. ring” notions.
Theorem 5.2. If R is a fluffy ring, then R is a purified ring and every
pure ideal of R is a regular ideal.
Proof. If p and q are distinct minimal prime ideals of R then there
exist f ∈ R \ p and g ∈ R \ q such that fg = 0. By the hypothesis,
there exists a natural number n > 1 such that Ann(fn) is generated by
a set of idempotents of R. Thus there is an idempotent e ∈ Ann(fn)
such that g = ge. It follows that e ∈ p and 1− e ∈ q. Let I be a pure
ideal of R. If f ∈ I then there exists some g ∈ I such that f(1−g) = 0.
By the hypothesis, there exists an idempotent e ∈ R such that f = fe
and e(1− g)n = 0 for some n > 1. It follows that e ∈ I. 
Remark 5.3. We close this paper by proposing three challenging prob-
lems which are open to us. Firstly, is every commutative ring admis-
sible? As a second problem, it seems to us that every mp-ring is a
GPF-ring (the converse of Theorem 4.2); or at least, does the converse
of Theorem 2.6 hold? That is, if R/N is a p.p. ring then can be said
that R is a GPP-ring? If this holds then for a given ring R the following
statements will be equivalent.
(i) R is a GPP-ring.
(ii) R/N is a p.p. ring.
(iii) R[x] is a GPP-ring.
Note that if R is a GPP-ring then by Theorem 2.6, A := R/N and
so by Theorem 2.4, A[x] ≃ R[x]/N[x] are p.p. rings. It is easy to see
that N[x] is the nil-radical of R[x]. Now if the converse of Theorem 2.6
holds, then R[x] will be a GPP-ring.
Also note that, during investigating the converse of Theorem 2.6, we
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observed that if R/N is a p.p. ring then for each f ∈ R there ex-
ist a natural number n > 1 and an idempotent e ∈ R such that
Re ⊆ Ann(fn) ⊆ √Re. So if R has the additional property that
each principal regular ideal is a radical ideal, then clearly R is a GPP-
ring. It should be noted that, for example in the ring R = Z/12Z, the
principal regular ideal Re with e = 4 is not radical, since 2 ∈ √Re\Re.
Finally, if the converse of Theorem 4.2 holds, then the converse of The-
orem 5.2 also will be hold.
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